Abstract. We find an unexpected scaling in the correlation energy of artificial atoms, i.e., harmonically confined two-dimensional quantum dots. The scaling relation is found through extensive numerical examinations including HartreeFock, variational quantum Monte Carlo, density-functional, and full configurationinteraction calculations. We show that the correlation energy, i.e., the true groundstate total energy subtracted by the Hartree-Fock total energy, follows a simple function of the Coulomb energy, confimenent strength and, the number of electrons. We find an analytic expression for this function, as well as for the correlation energy per particle and for the ratio between the correlation and total energies. Our tests for independent diffusion Monte Carlo and coupled-cluster results for quantum dots -including openshell data -confirm the generality of the obtained scaling. As the scaling is also well applicable to 100 electrons, our results give interesting prospects for the development of correlation functionals within density-functional theory.
Introduction
Artificial atoms -quantum dots (QD) [1, 2] , i.e., nanoscopic semiconductor structures where a set of electrons is confined, offer wider possibilities of engineering their properties than real atoms. The QD size, for example, can be changed from a few nanometers to hundreds of nanometers by modifying the experimental constraints. In turn, the degree of correlation of the electronic motion can be tuned by changing the system size, number of electrons, and the type of the confining potential.
In the present paper, we focus on the standard, quasi-two-dimensional (quasi-2D), isotropic harmonic oscillator model of an artificial atom, given by the N-electron Hamiltonian
where the external confinement in the xy plane is described by a parabolic potential,
In spite of its simplicity, the model has been shown to predict very well the electronic properties of both vertical and lateral single quantum dots at the GaAs/AlGaAs interface [1, 3, 4] . The model can be essentially characterised by two parameters, the number of confined electrons N and the ratio between Coulomb and oscillator energies, i.e.,
where e is the electron charge, m its effective mass in the semiconductor material, and ε the dielectric constant. We point out that E Coul is the total electron-electron interaction energy, i.e., the expectation value of the Coulomb interaction operator. In a previous work [5] , some of the present authors showed that the total energy of such an artificial atom with 20 ≤ N ≤ 90 electrons obeys the scaling relation dictated by Thomas-Fermi (TF) theory
The variable z = N 1/4 β combines in a particular way the number of electrons N and the coupling constant β. The function f gs is universal in the sense that it depends only on z, and not explicitly on the system parameters. This result is not very surprising, as the TF theory is known to predict well the total energies of "large" electronic systems. In particular, in 2D the gradient corrections to the TF kinetic energy vanish to all orders [6] , and, secondly, for the 2D Fermi gas in a harmonic potential the TF (noninteracting) kinetic energy is exact when using the exact density as the input [7] . It is amazing, however, that the TF scaling for the total energy holds for a wide range of β, from the strong-confinement (weak correlations, β → 0) to the weak-confinement limit (strong correlations, β → ∞, the so-called Wigner phase [8] ).
In the present paper, we move a step further and examine whether a scaling a la Thomas-Fermi, with different exponents, holds also for the correlation energy [9] [10] [11] E c , i.e., the difference between the total ground-state energy E gs and the Hartree-Fock (HF) energy E HF :
We point out that within density-functional theory (DFT) the HF energy in the above expression is commonly replaced by the total energy of an exact-exchange calculation. In practice, this is very close to the HF energy. We perform extensive calculations for E gs of QDs with 6 ≤ N ≤ 90 and find a unique scaling relation for E c . The fact that E c scales is completely unexpected because, by definition, the electronic correlation is beyond mean-field properties [9, 10, [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] . In addition, the asymptotic behaviour of the correlation potential accessible in DFT has a highly nontrivial scaling [22] . As our second main result, we find that also the fraction of the total energy associated with E c scales in a universal way.
The paper is organised as follows. In the next section we briefly summarize the computational methods employed. In Sec. 3, we present and discuss results from numerical calculations of E c . Finally, concluding remarks are given in Sec. 4.
Numerical Results
In order to validate our numerical values for E c , we perform extensive calculations by means of standard many-electron methods including HF, DFT in the local-density approximation (LDA) [23, 24] , variational quantum Monte Carlo (VMC) [25] [26] [27] [28] [29] , and full configuration interaction (FCI) method [30] . We have used our own numerical codes with all the methods, but the shown HF and some LDA results have been calculated with the OCTOPUS code [31] .
For simplicity, we give the confinement strength ω and energies in atomic units. These can be used to obtain the material-dependent effective atomic units, i.e. the effective Hartree energies and and effective Bohr radii correspond to
Our choices for ω used below represent typical experimental setups for GaAs quantum dots. For the GaAs case, the effective atomic units correspond to E * h ≈ 11.1277 meV and a * 0 ≈ 10.11 nm We find that both our VMC results (which are upper bounds for the total energy) as well as the DFT results compare very well with FCI. This is demonstrated in Fig. 1 for the case N = 6 and ω = 0.25 a.u. that corresponds to the most correlated case of our set of QDs (see Fig. 2 below) . The FCI result is plotted as a function of the energy cutoff for the many-body configuration included in the basis [33] , and it eventually converges to a value that is very close to the VMC and LDA. It is noteworthy that the HF ground-state energy (lacking the correlation) is higher, and thus the gray region in Fig. 1 corresponds to the correlation energy according to Eq. (5).
The FCI method becomes too expensive with the larger particle numbers considered. However, we can see from Fig. 1 of the correlation energy for the case shown. Furthermore, this is the most correlated case we study in this manuscript. We stress that the correlation energy is only a few percent (< 6 %) of the total energy, reaching the largest relative values for the smallest systems in the strong-coupling regime. This is visualized in Fig. 2 that shows the relative correlation energy χ = |E c /E gs | as a function of the confinement strength. The gray area corresponds to the typical experimental regime when considering laterally or vertically confined GaAs QDs. One can see that the correlation energy is largest at small particle number and with the weak confinements. The gray area in the figure corresponds to the typical experimental regime when considering laterally or vertically confined GaAs QDs. Our HF, LDA, and VMC results are summarized in Table 1 . All the systems considered are closed-shell QDs with ground-state angular momentum and spin quantum numbers L = S = 0. As the VMC calculations are expected to yield the exact groundstate energy with a good accuracy, we use those results in the following to compute the correlation energy as the difference from the HF energies. However, it is reassuring to see that the LDA energies are very close to the VMC results. The accuracy of LDA in these systems is well expected due to the smooth potentials and densities, and it is in accordance with previous studies [4] . We notice that -for the parameters used in the calculations -the scaled variable z = N 1/4 β takes values in the range 0 < z < 8 that covers the weak-coupling and a part of the strong-coupling regimes; z ≈ 1 is the transition point between these regimes [34] .
Scaling of the correlation energy
Here, we first assume that the correlation energy has a particular scaling with respect to N. Thus, we suggest an ansatz of the form
Next, we fit our data for N and β to the ansatz by varying the scaling exponent σ. We minimized the normalized root mean square deviation of the data as a function of σ. Inset: results from diffusion Monte Carlo (DMC) [35] calculations for N = 2 . . . 13 and coupled-cluster singles-doubles (CCSD) calculations [36] for N = 2, 6, 12 compared against the scaling function f c .
The minimum deviation is obtained with σ ≈ 3/4, and thus we set σ to this value. For the function f c , a two-parameter fit of the form αz γ leads to
The scaled correlation energies are shown in Fig. 3 along with the function f c (z). It can be seen that the quality of the obtained analytical expression for f c is very good in the whole range of z, showing a mean deviation of about 5% for E c . We point out that Eq. (7) can be straightforwardly rewritten in such a way that the dependence of E c on the system parameters (say, N and ω) becomes explicit:
where E c is given in a.u. From this expression, we can trivially obtain an expression also for the correlation energy per particle E c /N. Next we confirm the applicability of the obtained scaling relation by comparing the scaling function f c in Eq. (7) against independent calculations for small and mediumsize QDs, including open-shell systems. In particular, we consider diffusion Monte Carlo results for N = 2 . . . 13 by Pederiva et al. [35] and very recent coupled-cluster calculations for N = 2, 6, 12 by Waltersson et al. [36] . The inset of Fig. 3 shows that both sets of results fit well with our scaling relation. The largest deviations are found with smallest electron numbers (N = 2).
Another interesting quantity to consider for the scaling is χ as defined above, i.e., the relative fraction of the correlation energy with respect to the total energy. It can be shown that χ also follows a similar scaling relation as a function of the parameter z. We use Eq. (7) for E c and for the total ground-state energy we use the result 
obtained in Ref. [5] . It has been found that the last expression performs better for systems with large N, in particular for N > 20. For the fraction χ, we obtain
where 
and q(z) = 2 + 4.298z 1/3 + 3z 2/3 + 6.444z
The computed values of χ, labeled according to N, are shown in Fig. 4 together with the obtained analytic expression. It can be seen that Eq. (10) works remarkably well for systems with N > 20. Let us stress that in the weak-confinement regime (z ≫ 1) Eq. (10) predicts an almost linear dependence of χN 3/4 on the parameter z, leading to χ ∼ N −0.54 ω −0.42 . In the extreme low-density limit, the system approaches the so-called Wigner phase [8] ). The mean-field methods break the rotational symmetry in this case, and the electron localize in space [37] . In the many-body treatment, the localization can be seen in the conditional densities [29] . Here, our results are not in that limit, and analysis of this limit is left for future studies.
Finally, we notice that in real (three-dimensional) atoms, the TF theory predicts for the total energy the following dependence [39] :
where Z is the nuclear charge. The correlation energy also seems to show a scaling a la TF with
The coefficient α is near 4/3 [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] . We stress, however, that real atoms, unlike artificial ones, are always in the weak-correlation regime. 
Concluding Remarks
In summary, we have performed extensive numerical calculations for semiconductor quantum dots and found an unexpected universal scaling relation for the correlation energy, Eq. (7), which resembles the scaling coming from TF theories. A universal scaling relation for the fraction of the total energy associated to the correlations was also obtained [Eq. (10) ]. Such an expression provides information on the degree of correlation of the system and the accuracy of the HF estimation, even without any calculations. The material parameters (effective mass, dielectric constant) are contained in the scaling variable z. Our result has direct implications in the design of new correlation functionals for DFT calculations [38, 50] , and may also supplement the recently founded DFT for strictly correlated electrons [51] and related approaches.
